ABSTRACT. In this paper we introduce the concept of a p-system in a local Noether lattice and obtain several characterizations of these elements. We first obtain a topological characterization and then a characterization in terms of the existence of a certain type of decreasing sequence of elements. In addition, p-systems are characterized in quotient lattices [13]). In this paper we introduce the idea of a p-system in a local Noether lattice and obtain numerous characterizations of these elements.
In 1962 R. P. Dilworth [7] introduced the concept of a Noether lattice as an abstraction of the lattice of ideals of a Noetherian ring. Many of his ideas have since been extended and have proved to be extremely useful (e.g., [1] , [5] , [6] , [12] , and [13] ). In this paper we introduce the idea of a p-system in a local Noether lattice and obtain numerous characterizations of these elements.
We begin with a topological characterization of p-systems (Theorem 1) and then obtain a characterization of p-systems in terms of the existence of a special type of decreasing sequence of elements in the lattice (Theorem 2). Next p-systems are investigated in quotient lattices (Theorem 3) and completions (Theorem 4) . When the local Noether lattice under consideration is the lattice of ideals of a local Noetherian ring, a p-system is known as a principal system. The concept of a principal system was introduced by Northcott and Rees [15] PROOF. To show that (1.1) implies (1.2), suppose A is a p-system in ff and n is a positive integer. Since M _> Rad(A v M n) _> Rad(Mn) M, it follows that A v M n is an M-primary element of ft. Thus, since A is a p-system in $8, there exists a meet-irreducible M-primary element Q of ff such A _< Q _< A v M n. We now show that (1.2) implies (1.3). Suppose (1.2) holds and e > 0. Let n be a positive integer such that 2 -n < e. By (1.2), there exists a meet-irreducible M-primary element Q of 8 such that A <_ Q _< A v Mn. It follows that A v M n Q v Mn, and so Q 9 A and d(A,Q) < 2 -n < . Hence, A is a closure point of 9 A in the M-adic topology on ft. To complete the proof, we show that (1.3) implies (1.1). Suppose A is a closure point of 9A
in the M-adic topology on ff and that Q" is an M-primary element of ff such that A _< Q'. Since Q" is M-primary, choose n to be a positive integer such that M n <_ Q'. So by (1.3), there exists Q 9A such that d(A,Q) < 2-n. Hence, we have that Q is a meet-irreducible M-primary element of ff such that A _< Q and A v M n Q v Mn. Thus, it follows that
Hence, A is a p-system in . This completes the proof.
We k is isomorphic to */(M*)k, it follows that Q* is a meet-irreducible M*-primary element of *. Thus, by (1.2), A* is an p-system in 5*.
Conversely, suppose A* is a p-system in 5* and n is a positive integer. Then by (1.2) there exists a meet-irreducible M*-primary element Q" of 5* such that A* <_ Q" < A* v (M*)n. Thus 
if Q is an M-primary ideal of R satisfying A C Q, then there is a positive integer n such that O n (__ O (6.5) for all ideals B of R satisfying B C__ A, A is a principal system in R/B (6.6) the zero ideal of R/A is a principal system in R/A (6.7) there exists an ideal B of R satisfying B C_ A such that A is a principal system in R/B (6.8) AR" is a principal system in R'.
PROOF. The equivalences of (6.1)-(6.7) follows from (5.1)-(5.7) and the fact that Q is an irreducible M-primary ideal of R if and only if Q is a meet-irreducible M-primary element of (R). To show that (6.1) and (6.8) are equivalent, we have the following chain of equivalences:
A is a principal system in R < A is a p-system in (R) < A" is a p-system in (R)* ,, AR* is a p-system in (R*) AR* is a principal system in R*.
The second equivalence follows from the equivalence of (5.1) and (5.8), whereas the third equivalence follows from the fact that there exists an isomorphism q" (R)* if(R*) with the property that q(A*) AR* (see [10, Theorem 3, p. 
